This paper is the first one of a series of three, and its main aim is to review some properties of the Clifford algebras Cℓ 3,0 , Cℓ 1,3 , Cℓ 4,1 ≃ C ⊗ Cℓ 1,3 and Cℓ 2,4 , and exhibit three isomorphisms between the Dirac-Clifford algebra C ⊗ Cℓ 1,3 and Cℓ 4,1 , which are useful to construct the conformal maps and twistors, using the paravector model of spacetime. This construction will be done in the following two papers. The isomorphism between the twistor space inner product isometry group SU(2,2) and the group $pin + (2,4) is also investigated, in the light of a suitable isomorphism between C ⊗ Cℓ 1,3 and Cℓ 4,1 . 
Introduction
These class notes intends to provide the algebraic prerequisites at an undergraduate level for the reader interested in Clifford algebras and applications, besides introducing the group SU(2,2) of the inner product isometries in twistor spaces (over 4-dimensional lorentzian spacetimes) in the Dirac-Clifford algebra C ⊗ Cℓ 1,3 ≃ Cℓ 4,1 . This paper is organized as follows: in Sec. 1 we give a brief introduction to Clifford algebras and fix the notation to be used in the rest of the paper. In Sec. 2 the Pauli algebra Cℓ 3,0 is investigated jointly with the representation of the Pauli matrices [1] . Pauli spinors, elements of the group SU(2) representation space, are also introduced. In Sec. 3 we point out some remarks on the spacetime algebra Cℓ 1,3 and its quaternionic M(2, H) matrix representation, the 2 × 2 matrices with quaternionic entries. In Sec. 4 the Dirac-Clifford algebra C ⊗ Cℓ 1,3 is investigated and, as in [1] , the Weyl and standard representations of the Dirac matrices are obtained. In Sec. 5 the algebra Cℓ 2,4 is briefly investigated, and in Sec. 6 three explicit isomorphisms between Cℓ 4,1 and C ⊗ Cℓ 1,3 are obtained. The last one is going to be used in the third paper, to prove the correspondence of our twistor approach to the Penrose classical formalism. Also, the isomorphism SU(2,2) ≃ $pin + (2,4) is constructed. The Clifford algebra morphisms of C ⊗ Cℓ 1,3 are related to the ones of Cℓ 4,1 and two new antiautomorfisms are introduced.
Preliminaries
Let V be a finite n-dimensional real vector space. We consider the tensor algebra ∞ i=0 T i (V ) from which we restrict our attention to the space Λ(V ) = n k=0 Λ k (V ) of multivectors over V . Λ k (V ) denotes the space of the antisymmetric k-tensors, the k-forms. Given ψ ∈ Λ(V ),ψ denotes the reversion, an algebra antiautomorphism given byψ = (−1)
[k/2] ψ ([k] denotes the integer part of k).ψ denotes the main automorphism or graded involution 1 , given byψ = (−1) k ψ. The conjugation is defined as the reversion followed by the main automorphism. If V is endowed with a nondegenerate, symmetric, bilinear map g :
The Grassmann algebra (Λ(V ), g) endowed with this product is denoted by Cℓ(V, g) or Cℓ p,q , the Clifford algebra associated to V ≃ R p,q , p + q = n.
The automorphism and the two antiautomorphisms of Cℓ 3,0 are written as:
The graded involution performs the decomposition Cℓ 3,0 = Cℓ
, where
Cℓ + 3,0 is the even subalgebra of Cℓ 3,0 and its elements are written as ϕ + = a + a ij e ij . Given two vectors u, v ∈ R 3 we have, by the Clifford algebra definition, the relation
and the geometric product is written as
The cross product
In this section we review the correct definition of the cross product, as well-exposed in [2] . Consider the wedge product
It can be seen that the components of the wedge product are the same as the ones of the standard cross product, but the element in eq.(6) is a 2-vector, an element of Λ 2 (R 3 ). It does not change sign under spatial inversion. The cross product u × v must be characterized as a vector in R 3 and then it must change sign under spatial inversion. Although the cross product is not the wedge product, the two products can be related if the Hodge star operator ⋆ :
is used, where the pseudoscalar
clearly satisfies I 2 = −1. Then, ⋆e 1 e 2 = e 3 , ⋆e 2 e 3 = e 1 , ⋆e 3 e 1 = e 2 , and therefore
Under spatial inversions the vector ⋆(u ∧ v) changes sign, and the cross product
So the cross product u×v in the equation above is indeed a vector, not a pseudovector represented by the (Gibbs) standard cross product. Physical quantities that do not change sign under spatial inversion must be described by 2-forms. For instance, the magnetic induction, the electric displacement and so on [3, 4, 5, 6]. 1. Choose a set of n orthogonal primitive idempotents {f A } n A=1 of Cℓ p,q such that A f A = 1, and then, choose a particular idempotent among them. 2. Choose elements E A1 and E 1A such that
Representation of
3. Define a basis for the n × n matrices with entries in the field K, denoted by M(n, K), where K = R, C or H. This definition must be based on the relation
In Cℓ 3,0 two primitive idempotents are chosen 2 to be:
Conditions f 2 E 11 = E 11 f 2 = 0 and f 1 E 11 = E 11 f 1 = E 11 are satisfied by
Besides, as E 11 E 11 = E 11 , the solution is given by a = 1/2 and b = 0. Therefore
Conditions f 1 E 21 = E 21 f 2 = 0 and f 2 E 21 = E 21 f 1 = E 21 are satisfied by
Since conditions f 2 E 12 = E 12 f 1 = 0 and f 1 E 12 = E 12 f 2 = E 12 are satisfied by
then condition e 12 E 21 = E 11 implies that
Then we have
From the relation E 22 = E 21 E 12 , it follows that
and from the equations above it also follows that
2 The more arbitrary choice would be f± = 1 2
(1 + u), with u 2 = 1, but as u can be obtained from a rotation of e3, the choice done is, indeed, general.
Besides, e 2 = e 2 e 1 e 1 e 3 e 3 = e 1 e 2 e 3 e 1 e 3 = Ie 1 e 3 = ie 1 e 3
Then the representation ρ : e i → ρ(e i ) = σ i is given by
(20) that are the Pauli matrices. In this representation, a multivector ψ ∈ Cℓ 3,0 corresponds to the matrix Ψ = ρ(ψ). If ψ is given by eq.(2) then Ψ is given by
Reversion, graded involution and conjugation of ψ ∈ Cℓ 3,0 , corresponds in M(2, C) tõ
and an element of Cℓ + 3,0 is represented by
Consider the 3-dimensional euclidian space E 3 , where for each point
(24) The operator ∇ : Cℓ 3,0 → Cℓ 3,0 acts on A(x) by the expression
When ∇ acts on a scalar field
that is the gradient of φ(x). Over vector fields
, it is easily seen that
where
is the divergent of Ω(x) ∈ Λ 1 (R 3 ). Besides, the wedge product between ∇ and Ω is given by
It can be related to the curl 3 by
Using the isomorphism Cℓ 3,0 ≃ M(2, C), the correspondence
follows.
Quaternions
The quaternion ring H has elements of the form
where q µ ∈ R and {i, j, k} are the H-units. They satisfy
q 0 = Re(q) denotes the real part of q and q = q 1 i+q 2 j+q 3 k denotes its pure quaternionic part. Since ϕ + = a + a 12 e 12 + a 13 e 13 + a 23 e 23 ∈ Cℓ
If the notation i = e 2 e 3 , j = e 3 e 1 , k = e 1 e 2 ,
is introduced, the isomorphism ζ : H → Cℓ + 3,0 , is explicitly constructed:
The bivectors {i, j, k} satisfy eqs.(33). The element ψ ∈ Cℓ 3,0 can be expressed as
which permits to verify that
and therefore C ⊗ H ≃ M(2, C).
Spatial rotations
Given a vector v ∈ R 3 , let v ′ denote the vector obtained by a rotation of v. Consider the geometric product between v and v ′ :
The scalar and cross products have the well-known correspondence with angles
whereŵ is the unit vector, normal to the plaquette v ∧ v ′ . Using eqs.(39,40) it follows that
and
If I ∈ Λ 3 (R 3 ) is the pseudoscalar of Cℓ 3,0 andŵ is a vector, the product Iŵ is a bivector, and the rotation of a multivector by the angle θ, in the plane which the normal vector isŵ, is given by
We denote R = exp(B), where B ∈ Λ 2 (R 3 ). The group Spin(3) is defined as Spin(3) = {R ∈ Cℓ 
i.e.,
Pauli spinors
A classical Pauli spinor is an element of C 2 that carries the representation of SU(2), of the form
where ς J , ̺ J ∈ R (J = 1, 2). From the algebraic point of view, the Pauli spinor is an element of Cℓ 3,0 f + , where f + = |1 :=
From the identification
the (algebraic) Pauli spinor is written as
with ̺ 1 = a 12 + a 123 , ̺ 2 = a 2 + a 23 , ς 1 = a + a 3 and ς 2 = a 1 + a 13 , and then the algebraic approach is shown to be equivalent to the classical one [7] . The result in eq.(50) is more common in physics textbooks [8] .
3 The spacetime algebra Cℓ 1,3
Let {γ 0 , γ 1 , γ 2 , γ 3 } be an orthonormal frame field in R 1,3 , satisfying γ µ · γ ν = 1 2 (γ µ γ ν +γ ν γ µ ) = η µν , where η ii = −1, η 00 = 1 and η µν = 0 for µ = ν, (µ, ν = 0, 1, 2, 3). An element Υ ∈ Cℓ 1,3 is written as 
The pseudoscalar γ 5 := γ 0123 satisfies (γ 5 ) 2 = −1 and γ µ γ 5 = −γ 5 γ µ . In order to construct the isomorphism Cℓ 1,3 ≃ M(2, H), the primitive idempotent f = 
Denoting
it is seen that the set {i ⋄ , j ⋄ , k ⋄ } satisfy eqs.(33), and
The set {1, γ 5 }f is a basis of the ideal I 1,3 . From the rules in [1] , we can write
and the following representation for γ µ is obtained:
Using the equations above, Υ ∈ Cℓ 1,3 is written as
The reversion of Υ is given bỹ
whereq denotes the H-conjugation of q.
As particular cases of the isomorphism Cℓ p,q ≃ Cℓ + q,p+1 [1] , when p = 3 and q = 0 we have the following table, that shows how the conjugation (C), the graded involution (I) and the reversion (R) change the sign of the k-forms in Cℓ 3,0 and Cℓ 
Given a vector x = x µ γ µ ∈ R 1,3 , from the isomorphism above we see that
A vector in R 1,3 is said to be isomorph to a paravector [9, 10, 11] of R 3 , defined as an element of R ⊕ R 3 ֒→ Cℓ 3,0 . It can also be seen that the norm ss of s ∈ Cℓ + 1,3 is equivalent to the norm σσ of σ ∈ Cℓ 3,0 , where σ = ρ(s). Then the group $pin + (1, 3) = {s ∈ Cℓ 3,0 | ss = 1} (62) is defined, as in [2] .
4 The Dirac-Clifford algebra C ⊗ Cℓ 1,3
The standard Clifford algebra, usually found in relativistic quantum mechanics textbooks [8, 12] , is not the real spacetime algebra Cℓ 1,3 ≃ M(2, H), but its complexification C ⊗ Cℓ 1,3 ≃ M(4, C), the so-called Dirac algebra. In this section the Weyl representation and the standard representation of the Dirac algebra are explicitly constructed. We follow and reproduce the steps described in [1] , where it is explained a method to find a representation of Cℓ 3,1 ≃ M(4, R). The set {e 0 , e 1 , e 2 , e 3 } ∈ R 1,3
denotes an orthonormal frame field and {γ 0 , γ 1 , γ 2 , γ 3 } (γ µ := γ(e µ )) denotes the (matrix) representation of {e 0 , e 1 , e 2 , e 3 }.
we must obtain four primitive idempotents P 1 , P 2 , P 3 and P 4 such that 1 = P 1 + P 2 + P 3 + P 4 . It is enough [1] to obtain two idempotents e I1 , e I2 of Cℓ 1,3 (C) that commute.
Standard representation
This method is well-exposed in [1] for the case Cℓ 3,1 ≃ M(4, R). We treat now the case C ⊗ Cℓ 1, 3 . In this case the elements e I1 = e 0 and e I2 = ie 1 e 2 are taken [1, 2] . Then
These four primitive idempotents are similar. Indeed, e 13 P 1 (e 13 ) −1 = P 2 , e 30 P 1 (e 30 ) −1 = P 3 , e 10 P 1 (e 10 )
Then it is easily seen that e 13 P 1 ⊂ P 2 Cℓ 1,3 (C)P 1 , e 30 P 1 ⊂ P 3 Cℓ 1,3 (C)P 1 and e 10 P 1 ⊂ P 4 Cℓ 1,3 (C)P 1 . It follows that
With the conditions E 1j ⊂ P 1 Cℓ 1,3 (C)P j and E 1j E j1 = P 1 , it can be verified that
E 12 = e 13 P 2 , E 13 = e 30 P 3 ,
The other E ij are in the following table:
E ij P 1 −e 13 P 2 e 30 P 3 e 10 P 4 e 13 P 1 P 2 e 10 P 3 −e 30 P 4 e 30 P 1 e 10 P 2 P 3 e 13 P 4 e 10 P 1 e 03 P 2 −e 13 P 3 P 4
Using the relations (63), the representations of e µ , denoted by γ µ , are constructed:
• e 10 = e 10 P 1 + e 10 P 2 + e 10 P 3 + e 10 P 4 = E 41 + E 32 + E 23 + E 14 . Therefore 
• e 30 = e 30 P 1 + e 30 P 2 + e 30 P 3 + e 30 P 4 = E 31 − E 42 + E 13 − E 24 . Therefore 
• P 1 + P 3 − P 2 − P 4 = ie 1 e 2 . It implies that e 2 = ie 0 (e 01 P 1 + e 01 P 3 − e 01 P 2 − e 01 P 4 )
It follows that 
The standard representation of the Dirac matrices is then given by
Weyl representation
In this case we have e I1 = e 5 := e 0123 and e I2 = ie 1 e 2 .
These idempotents are similars, as it can be easily verified:
More generally it can be asserted that in a simple algebra, all primitive idempotents are similar. Then it follows that e 0 P 1 ⊂ P 3 Cℓ 1,3 (C)P 1 , e 1 P 1 ⊂ P 4 Cℓ 1,3 (C)P 1 , e 01 P 1 ⊂ P 2 Cℓ 1,3 (C)P 1 and
With the conditions E 1j ⊂ P 1 Cℓ 1,3 (C)P j and E 1j E j1 = P 1 , it is immediate that
E 12 = e 01 P 2 , E 13 = e 0 P 3 ,
The other entries are E ij are exhibited in the following table:
E ij P 1 e 01 P 2 e 0 P 3 −e 1 P 4 e 01 P 1 P 2 −e 1 P 3 e 0 P 4 e 0 P 1 e 1 P 2 P 3 −e 01 P 4 e 1 P 1 e 0 P 2 e 10 P 3 P 4
The representation of e µ , denoted by γ µ , are obtained:
• e 0 = e 0 P 1 + e 0 P 2 + e 0 P 3 + e 0 P 4 = E 31 + E 42 + E 13 + E 24 . Then
• e 1 = e 1 P 1 + e 1 P 2 + e 1 P 3 + e 1 P 4 = E 41 + E 32 − E 23 − E 14 . Therefore we have
• ie 5 = P 1 + P 2 − P 3 − P 4 ⇒ e 5 = −i(P 1 + P 2 − P 3 − P 4 ) = −i(E 11 + E 22 − E 33 − E 44 ). It then follows that
• ie 1 e 2 = P 1 + P 3 − P 2 − P 4 . Now it implies that e 2 = i(e 1 P 1 + e 1 P 3 − e 1 P 2 − e 1 P 4 )
It now immediate to see that
From the notation e 5 = e 0123 , it is seen that e 3 = −e 012 e 5 . Besides, we can show that
Then the Weyl representation of the Dirac matrices is given by 
6 The isomorphism Cℓ 4,1 ≃ C ⊗ Cℓ 1,3
In the third paper of this series, the conformal maps in Minkowski spacetime are to be described using the Dirac algebra C ⊗ Cℓ 1, 3 . For this purpose we explicitly exhibit three important isomorphisms between Cℓ 4,1 and C ⊗ Cℓ 1,3 in the following subsections. The relation between these algebras is deeper investigated, since twistors are defined as algebraic spinors in R 4,1 or, equivalently, as classical spinors in R 2,4 , defined as elements of the representation space of the group $pin + (2, 4) (defined by eq.(87)) in Cℓ 4,1 ≃ C ⊗ Cℓ 1,3 .
The γ ν = E ν E 4 identification
An isomorphism C ⊗ Cℓ 1,3 → Cℓ 4,1 is defined by γ ν → E ν E 4 , (ν = 1, 2, 3, 4),
It can be shown that 
Using the standard representation for γ µ one obtains 
